In this work a quantum dynamical system (M, Φ, ϕ) is constituted by a von Neumann algebra M, by a unital Schwartz map Φ : M → M and by a Φ-invariant normal faithful state ϕ on M. We prove that the ergodic properties of a quantum dynamical system, are determined by its reversible part (D ∞ , Φ ∞ , ϕ ∞ ). It is constituted by a von Neumann sub-algebra D ∞ of M by an automorphism Φ ∞ and a normal state ϕ ∞ , the restrictions of Φ and ϕ on D ∞ respectively. Moreover, if D ∞ is a trivial algebra then the quantum dynamical system is ergodic. Furthermore we will give some properties of the reversible part of quantum dynamical system, in particular, we will study its relations with the canonical decomposition of Nagy-Fojas of linear contraction related to the quantum dynamical system.
Preliminares and notations
We consider a pair (M, Φ) constituted by a von Neumann algebra M and a unital Schwartz map Φ : M → M i.e. a σ-continuous map with Φ(1) = 1 which satisfies the inequality:
0 ≤ Φ(a * )Φ(a) ≤ Φ(a * a) a ∈ M (1.1) Remark 1. If Φ : M → M is a unital Schwartz map which admits an inverse Φ −1 : M → M (i.e. a unital Schwartz map such that Φ(Φ −1 (a)) = Φ −1 (Φ(a)) = a for all a ∈ M), then Φ is an automorphism.
If D + ∞ is the following von Neumann algebras:
then we have that Φ(D + ∞ ) ⊂ D + ∞ and Φ restricted to D + ∞ is a *-homomorphism, but it is not surjective map. Moreover we have:
We define the multiplicative core of Φ (see ref. [23] ):
It is clear that the restriction of Φ to multiplicative core C Φ is a *-homomorphism and if Φ is an injective map on D + ∞ , then we have Φ(C Φ ) = C Φ , so the restriction of Φ to the multiplicative core is *-automorphism. Since Φ is a normal map and its restriction to D + ∞ is a *-homomorphism, we have that the set Φ n (D + ∞ ) is a von Neumann algebra (see e.g. [6] ), therefore C φ is a von Neumann algebra.
Let ϕ be a stationary state for the quantum processes (M, Φ) and (H ϕ , π ϕ , Ω ϕ ) its GNS representation. It is well know (see e.g. [20] ) that there is a unique linear contraction U Φ,ϕ of B(H ϕ ) such that, for any a ∈ A, we have
Furthermore if ϕ is a faithful state then there is a unital Schwartz map Φ • :
It is simple to prove the following statements on multiplicative domains of Schwartz maps: 
Proof. It is straightforward
We observe that if Φ is a *-homomorphism, then the contraction U Φ,ϕ is an isometry on H ϕ . Another trivial consequence of Schwartz's inequality and of the existence of a faithful stationary state for quantum process (M, Φ), are the following relations:
for all natural numbers n ∈ N. Furthermore, since Φ is a injective map on D + ∞ , its restricted to C Φ is a *-automorphism. In fact, if a ∈ D + ∞ with Φ(a) = 0, then we obtain ϕ(Φ(a * )Φ(a)) = ϕ(Φ(a * a)) = ϕ(a * a) = 0
Let (M, Φ) be a quantum processes and ϕ its stationary state, we recall that the dynamics Φ admits a ϕ-adjoint if there is a normal unital Schwartz map Φ ♯ :
We have the following conditions for the existence of a ϕ-adjointness of dynamics of quantum process (see proposition 3.3 in [20] ):
Proposition 2. Let (M, Φ) be a quantum process and ϕ its faithful stationary state. If (∆ ϕ , J ϕ ) denote the modular operators associated with pair (π ϕ (M), Ω ϕ ), then the following conditions are equivalent:
1 -Φ commutes with the modular automorphism group {σ ϕ t } t∈R i.e.
2 -U Φ,ϕ commutes with modular operators:
A triple (M, Φ, ϕ) constituted by quantum processes (M, Φ), by its normal faithful stationary state ϕ and with dynamics Φ which admits a ϕ-adjoint Φ ♯ , will be called a quantum dynamical system.
Decomposition theorem
We consider a von Neumann algebra M and its faithful normal state ϕ and set with (H ϕ , π ϕ , Ω ϕ ) the GNS representation of ϕ and with {σ ϕ t } t∈R its modular automorphism group. Let R be a von Neumann subalgebra of M, we recall (see ref. [14] ) that the ϕ-orthogonal of R is the set:
Furthermore, it is simple to prove that R ⊥ϕ is a closed linear space in the σ-topology with R ⊥ϕ ∩ R={0}. We observe that R ⊥ϕ ⊂ ker ϕ and if R = CI then R ⊥ϕ = ker ϕ, where ker ϕ = {a ∈ M : ϕ(a) = 0}.
The von Neumann algebra R is invariant under modular automorphism group σ ϕ t if and only if both these conditions are fulfilled: a -the set R ⊥ϕ is closed under the involution operation;
b -for any a ∈ M there is a unique a ∈ R and a ⊥ ∈ R ⊥ϕ such that a = a + a ⊥ .
In other words we have the following algebraic decomposition
Proof. From Takesaki [25] we have σ ϕ t (π ϕ (R)) ⊂ π ϕ (R) for all t ∈ R if, and only if there exist a normal conditional expectation E : M → R such that ϕ • E = ϕ. Let R be invariant under modular automorphism group σ ϕ t , it is simple to prove that
hence R ⊥ϕ is closed under the involution operation.
For any a ∈ M we set a ⊥ = a − E(a) and
for all x ∈ R hence a ⊥ ∈ R ⊥ϕ . So for any a ∈ M there exist a unique a ∈ R and a ⊥ ∈ R ⊥ϕ such that a = a + a ⊥ where we have set a = E(a). The uniqueness follows because if a = 0 then a = a ⊥ = 0. Indeed we have ϕ(a * a) = ϕ(a * a ) + ϕ(a * ⊥ a ⊥ ) = 0 since a * a ⊥ , and a * ⊥ a belong to R ⊥ϕ and ϕ is a faithful state. For the vice-versa, if the set R ⊥ϕ is closed under the involution operation and M = R ⊕ R ⊥ϕ then for any a ∈ M there is a unique a ∈ R and a ⊥ ∈ R ⊥ϕ such that a = a + a ⊥ . The map a ∈ M → a ∈ R is a projection of norm one ( i.e. it is satisfies (1) = 1 and ((a) ) = a for all a ∈ M ), for Tomiyama [26] it is a normal conditional expectation (see [15] for a modern review) and ϕ(a) = ϕ(a ) for all a ∈ M.
We observe that if R ⊥ϕ is a *-algebra (without unit) then R ⊥ϕ = {0} since ϕ(a * ⊥ a ⊥ ) = 0 for all a ⊥ ∈ R ⊥ϕ and ϕ is a faithful state. Moreover, if p is a orthogonal projector of M then p / ∈ R ⊥ϕ . We have the following remark: If a ∈ M with a = a + a ⊥ where a ∈ R and a ⊥ ∈ R ⊥ϕ , then
Proposition 3. Let R be a von Neumann algebra invariant under modular automorphism group σ ϕ t . If H o and K o are the closure of the linear space π ϕ (R)Ω ϕ and of π ϕ (R ⊥ϕ )Ω ϕ respectively, then
Moreover the orthogonal projection P o on Hilbert space H o belongs to π ϕ (R) ′ .
Proof. We have that K o ⊂ H ⊥ o since for any r ⊥ ∈ R ⊥ϕ and ψ o ∈ H o we obtain:
where
where m α = r α + r α⊥ for each α. The net {π ϕ (r α )Ω ϕ } has limit, since by the relation (2.4) for each ǫ ≥ 0 there is a index ν such that for α ≥ ν and β ≥ ν we have the Cauchy relation:
It follows that there are ψ ∈ H o and ψ ⊥ ∈ K o such that
We have the following proposition: Proposition 4. Let (M, Φ) be a quantum process and ϕ a normal faithful state on M. For any natural number n ∈ N we obtain:
Furthermore, if ϕ is a stationary state for Φ, then
and the restriction of Φ to C Φ is a *-automorphism with
Proof. for any d ∈ D Φ n and natural number n we have:
since Φ commutes with our modular automorphism group σ ϕ t . It follows that σ
In fact for each natural number n there exist a x n ∈ D + ∞ such that b = Φ n (x n ). We can write that σ
We consider a quantum dynamical system (M, Φ, ϕ) with ϕ-adjoint Φ ♯ . We set with D ∞ (or with D ∞ (Φ) when we have to highlight the map Φ), the following von Neumann Algebra
where for each k integer we denote
while with D Φ k we have set the von Neumann algebra of the multiplicative domains of the dynamics Φ k . Following [22] , for each a, b ∈ M and integers k we define:
and we have these simple relations:
It follows that restriction of the map Φ at von Neumann algebra D ∞ it is a *-automorphism where
We summarize the results obtained in following statement: 
It is clear that D ∞ is Φ k -invariant for all integers k and is invariant under automorphism group σ ϕ t and by previous decomposition theorem we can say that (see [4] theorem 6):
Proof. The statements (a), (b) and (c) are simple consequence of theorem 1.
∞ then for any integer k and x ∈ D ∞ , we have:
For the statement (e), for any a, b ∈ M we obtain
where we have write
The quantum dynamical system (D ∞ , Φ ∞ , ϕ ∞ ) is called the reversible part of the quantum dynamical system (M, Φ, ϕ). Furthermore a quantum dynamical system is called completely irreversible if D ∞ = C1. In this case for all a ∈ M we obtain a = ϕ(a)1 + a ⊥ and we can write
Let (M, Φ, ϕ) be a completely irreversible quantum dynamical system, if the von Neumann algebra M is not trivial then there is least a not trivial projector P ∈ M, such that
In fact, we can write P = ϕ(P )1 + P ⊥ where
In section 4 we will find the conditions when D ∞ = C1 (see also [8] section 2 for the case D + ∞ = C1). We observe that if A(P) is the von Neumann algebra generated by the set of all orthogonal projections p ∈ M such that Φ k (p) = Φ k (p) 2 for all integers k, then D ∞ = A(P) (see [7] , corollary 2).
In the decoherence theory the set D ∞ is called algebra of effective observables of our quantum dynamical system (see e.g. [3] ) and we underline that the previous theorem is a particular case of a more general theorem that is found in [16] . We observe that for all natural number n we obtain
Remark 2. The algebra of effective observables is independent by the stationary state ϕ, since
The next subsections are of the simple consequences of the previous propositions.
Ergodicity properties
In this subsection we prove that the ergodic properties of a quantum dynamical system depends on its reversible part, determined from the algebra the effective observables
We consider a quantum dynamical system (M, Φ, ϕ) with ϕ-adjoint Φ ♯ . We recall that the quantum dynamical system is ergodic if per any a, b ∈ M we have:
while it is weakly mixing if
We will use again the following notations a = E ∞ (a) while a ⊥ = a − a for all a ∈ M, where E ∞ : M → D ∞ is the conditional expectation of decomposition theorem 6. We have the following proposition: Proof. For any a, b ∈ M we have
For the weakly mixing properties we have
If our quantum dynamical system (M, Φ, ϕ) is weakly ergodic then
while if the reversible dynamical system (D ∞ , Φ ∞ , ϕ ∞ ) is weakly mixing, then our quantum dynamical system is weakly mixing since
Particular *-Banach algebra
Let (M, Φ, ϕ) be a quantum dynamical system and E ∞ : M → D ∞ the map of proposition 6. We can define in set M another frame of *-Banach algebra changing the product between elements of M. It is defined by
where we have denoted with a = E ∞ (a) and with a ⊥ = a − a for all a ∈ M.
We observe again that
The (M, +, ×) is a Banach *-algebra with unit, since for any a, b ∈ M we have:
We set with M ♭ this Banach *-algebra. We note that M ♭ it is not a C*-algebra. In fact for any
We observe that for any a, b ∈ M we have:
It follows that Φ : M ♭ → M ♭ is a *-homomorphism of Banach Algebra. For ϕ-adjoint Φ ♯ we have:
It is easily to prove that for any a, b ∈ M ♭ we obtain ϕ(a
and we can build the GNS representation (H ♭ ϕ , π ♭ ϕ , Ω ♭ ϕ ) of the state ϕ on Banach * algebra M ♭ that has the following properties [9] :
since Φ and Φ ♯ are *-homomorphism of Banach algebra and
)Ω ϕ for all a ∈ M it is an isometry with adjoint Z * π ϕ (a)Ω ϕ = π ♭ ϕ (E ∞ (a))Ω ♭ ϕ for all a ∈ M ♭ . Furthermore we have ZU ♭n ϕ = ZU n Φ,ϕ for all natural number n.
Abelian algebra of effective observables
We will prove that for any quantum dynamical system (M, Φ, ϕ) there is an abelian algebra A ⊂ D ∞ that contains the center Z(D ∞ ) of D ∞ and with Φ(A) ⊂ A. The question of the existence of an Abelian subalgebra which remains invariant under the action of a given quantum Markov semigroup are widely debated in [2] and [21] . We consider a discrete quantum process (M, Φ) with Φ a *-automorphism. We set with P(M) the pure states of M. It is well know that if ω(a) = 0 for all ω ∈ P(M) then a = 0 (see e.g. [5] ). For any ω ∈ P(M) with D ω we set the multiplicative domain of the ucp-map a ∈ M → ω(a)I ∈ M, then
it is a von Neumann subalgebra of M.
Proposition 8. The von Neumann algebra
is an abelian algebra with Φ(A) ⊂ A. Furthermore for any stationary state ϕ of our quantum process (M, Φ), there is a ϕ-invariant conditional expectation
Proof. If a, b ∈ A, for any pure state ω of M we have ω(ab) = ω(a)ω(b) = ω(ba), then ω(ab − ba) = 0 and it follows that ab − ba = 0. The von Neumann algebra A is Φ-invariant Φ(A) ⊂ A.
In fact ω • Φ ∈ P(M) for all ω ∈ P(M) since Φ is a *-automorphism. Then for any a ∈ A we have
it follows that Φ(a) ∈ A. Let {σ t ϕ } t∈R be a modular group associate to GNS representation (H ϕ , π ϕ , Ω ϕ ) of ϕ. Since the state ϕ is normal and faithful we have π ϕ (A) ′′ = π ϕ (A) and σ t ϕ (π ϕ (A)) ⊂ π ϕ (A) for all t ∈ R. In fact for any a ∈ A we have
since σ t ϕ is a *-automorphism so ω • σ t ϕ ∈ P(M) for all real number t. From Takesaki theorem [25] we have that there is a conditional expectation
where ∇ : π ϕ (A)Ω ϕ −→ H ϕ is the embedding map (see also [1] ).
We recall that any pure state is multiplicative on the center Z(M) = M M ′ of M (see [18] ) so we have that Z(M) ⊂ D ω for all pure states ω and in abelian case A = M.
Let (M, Φ, ϕ) be a quantum dynamical system, with dynamics Φ that admits ϕ-adjoint Φ ♯ . By the decomposition theorem we have a *-automorphism Φ ∞ : D ∞ → D ∞ with D ∞ von Neumann algebra, then by the previous proposition, we can say that there exist an abelian algebra A ⊂ D ∞ with Φ(A) ⊂ A getting the following commutative diagram
where i ∞ and i o are the embeddig of D ∞ and A respectively, while Φ ∞ and Φ o are the restriction of Φ to D ∞ and A respectively. We observe that if the von Neumann algebra M is abelian then A = D ∞ .
Dilation properties
We recall that a reversible quantum dynamical system ( M, Φ, ϕ), is said to be a dilation of the quantum dynamical system (M, Φ, ϕ), if it satisfies the following conditions: There is *-monomorphism i : (M, ϕ) → ( M, ϕ) and a completely positive map E : M → M such that for each a belong to M and natural number n
We observe that for each a belong to M and X in M we have:
Indeed for each b ∈ M we obtain:
So, the ucp-map E = i • E is a conditional expectation from M onto i(M) which leave invariant a faithful normal state. The existence of such map which characterize the range of existence of a reversible dilation of a dynamical system, be derived from a theorem of Takesaki of [25] .
We have a proposition that establish a link between the algebra of effective observable and reversible dilation.
For vice-versa, if y = i(Φ(a)) − Φ(i(a)) then we have
since a ∈ D Φ . It follows that E(y * y) = 0 with E faithful map, then y = 0.
∞ be decomposition of theorem 1 of our quantum dynamical system (M, Φ, ϕ) and E ∞ : M → D ∞ the conditional expectation defined in proposition 6, we can say:
Remark 3. For each a ∈ M and integer k we have:
We observe that
We can write the following algebraic decomposition of linear spaces:
Decomposition theorem and linear contractions
We would study the relations between canonical decomposition of Nagy-Fojas of linear contraction U Φ,ϕ [19] and decomposition (c) of proposition 6 of dynamical system (M, Φ, ϕ). We going to recall the main statements of these topics.
A contraction T on the Hilbert space H is called completely non-unitary if for no non zero reducing subspace K for T is T |K a unitary operator, where T |K is the restriction of contraction T on the Hilbert space K. We set with D T = √ I − T * T the defect operator of the contraction T and it is well know that
Moreover ||T ψ||| = ||ψ|| if, and only if D T ψ = 0. We consider the following Hilbert subspace of H:
It is trivial show that T n H 0 = H 0 and T * n H 0 = H 0 for all natural number n.
We have the following canonical decomposition (see [19] ):
Theorem 2 (Sz-Nagy and Fojas). To every contraction T on H there corresponds a uniquely determined decomposition of H into a orthogonal sum of two subspace reducing T we say H = H 0 ⊕H 1 , such that T 0 = T |H 0 is unitary and T 1 = T |H 1 is c.n.u., where
It is well know [19] that the linear operator T − = so − lim n→+∞ T * n T n and T + = so − lim n→+∞ T n T * n , there are in sense of strong operator (so) convergence.
After this brief detour on linear contractions we return to quantum dynamical systems (M, Φ, ϕ).
, where U Φ,ϕ is the contraction defined in (1.3) . It follows that for each a, b ∈ M we obtain:
where S n (a, b) is given by (2.9). We recall that by proposition 6 that for every integers k we obtain
A simple consequences of proposition 1 is the following remark: For any integers k we obtain
We observe that for each a, b ∈ M and natural number k we have (see [11] 
Indeed for each natural numbers k and n, we obtain
and by the relation (3.2) result lim
Furthermore, for each natural number k and a, b ∈ M we have
We have a well-known statement (see [12] , [16] and [23] ):
Proposition 10. For all a ∈ M any σ-limit point of the set {Φ k (a)} k∈N belongs to the von Neumann algebra D ∞ . Moreover, for each d ⊥ in D ⊥ϕ ∞ we have:
where the limits are in σ-topology.
Proof. If y is a σ-limit point of {Φ n (a)} n∈N then there exists a net {Φ n j (a)} j∈N such that y = lim j→+∞ Φ n j (a) in σ-topology. Furthermore for each b ∈ M we obtain
It follows that ϕ(S k (y, y)) = 0 and S k (y, y) = 0. We observe that the adjoint is σ-continuous, then we obtain y * = lim j→+∞ Φ n j (a * ), and repeating the previous steps we obtain S k (y * , y * ) = 0, hence y ∈ D ∞ . For last statement we observe that for each natural number k result ||Φ k (d ⊥ )|| ≤ ||d ⊥ || and since the unit ball of the von Neumann algebra M is σ-compact we have that there is a subnet such that
From previous lemma we have that y ∈ D ∞ ∩ D ⊥ϕ ∞ it follows that y = 0. then it can only be lim
We observed that the Hilbert space H ∞ , the linear closure of π ϕ (D ∞ )Ω ϕ is contained in H 0 . The next step is to understand when we have the equality of these two Hilbert spaces.
Let (M, Φ, ϕ) be the previous quantum dynamical system, we define, for each integer k, the unital Schwartz map τ k : M → M as
We have for any integer k that
is the ϕ-adjoint of τ k . We obtain, for any integer k the dynamical system {M, τ k , ϕ} with
where with D(τ j k ) we have denote the multiplicative domains of map τ j k .
From decomposition theorem 1, for any integer k we have:
and by the proposition 3
where H (k) and K (k) are the closure of the linear space
We have the following proposition:
where the H 0 is the Hilbert space of Nagy decomposition of theorem 2. Furthermore for any a ∈ M and ξ 0 ∈ H 0 and integr k we have
It follows that ϕ(S k (a, a)) = 0 for all integers k and in the same way proves that ϕ(S k (a * , a * )) = 0 for all integers k.
We have proved that
If ξ 0 ∈ H 0 then for any k integer and natural number n we have (U * k Φ,ϕ, U k Φ,ϕ ) n ξ 0 = ξ 0 and for any r ⊥ ∈ D ∞ (τ k ) ⊥ϕ we can write that
Therefore for any integers k we obtain:
in the same way for k ≥ 0 we have
The relation (3.5) is a straightforward.
We observe that for any a ∈ M and d ⊥ ∈ D ⊥ϕ ∞ we have
∞ we obtain Φ n (d ⊥ ) → 0 as n → ∞ in σ-topology. From polarization identity we can say that
and since U ϕ is a contraction it follows that for any ξ ∈ H ϕ and ψ ∈ K ∞ we have
We give a simple statement on the Hilbert spaces H ∞ and H 0 :
Proof. We observe that for any ψ ∈ K ∞ result ||U n Φ,ϕ ψ|| → 0 as n → ∞, because for
)Ω ϕ || < 1/k and U n Φ,ϕ is a linear contraction so for all natural number n we obtain:
for all natural numbers n it follows that ξ ⊥ = 0. Moreover for any ξ ∈ H ϕ we have U n * Φ,ϕ U n Φ,ϕ ξ = ξ 0 +U n * Φ,ϕ U n Φ,ϕ ξ 1 with ξ i ∈ H i for i = 1, 2 and V + ξ = ξ 0 since ||U n Φ,ϕ ξ 1 || → 0 as n → ∞.
We conclude this section with a simple observation: We recall that a dynamical system {M, Φ, ω} is mixing if
by the relation (3.6) we obtain that {M, Φ, ω} is mixing if, and only if its reversible part (D ∞ , Φ ∞ , ϕ ∞ ) is mixing. Furthermore, let {M, Φ, ω} be a mixing Abelian dynamical system, then there is a measurable dynamics space (X, A, µ, T ) such that D ∞ is isomorphic to the von Neumann algebra L ∞ (X, A, µ) of the measurable bounded function on X. If the set X is a metric space and ϕ ∞ is the unique staionary state of D ∞ for the dynamics Φ ∞ , then by the corollary 4.3 of [10] we have D ∞ = C1.
Decomposition theorem and Cesaro mean
In this section we will study the link between the decomposition theorem 1 and some ergodic results which we recall briefly. It is well known the following proposition (see e.g. [13] par. 9.1 and [17] proposition 2.3).
Proposition 13. Let {M, τ, ω} be a quantum dynamical system. We consider the Cesaro mean
A simple consequence of the previous proposition is the following remark:
Now let us ask when the algebra of effectives observables D ∞ is trivial (see also [8] and Φ n (a ⊥ ) → 0 in σ-top.
We have a simple consequence of the previous propositions:
Proof. If we have ergodicity then
We observe that if (M, Φ, ϕ) is a quantum dynamical system with Φ homomorphism, we have that τ 1 = Φ ♯ • Φ = id. Hence the dynamical system {M, τ 1 , ϕ} is not ergodic (if ϕ is not multiplicative functional), while (M, Φ, ϕ) can be.
For each integer k we consider S n,k = and E k is the conditional expectation related of von Neumann algebra D Φ k of theorem 1. Therefore E k : M → D Φ k and ϕ • E k = ϕ for all integers number k. Furthermore we have:
because by the relation 1.5 we have
For each a ∈ M we have ||E k (a)|| ≤ ||a|| for all integers k and apply σ-compactness property for the bounded net {E k (a)} k∈N of von Neumann algebra M, we obtain that there is at lest one σ-limit point E + (a), therefore there exist a net {E nα (a)} α such that E + (a) = σ − lim α E nα (a). We obtain that E + (a) ∈ D Φ k for all natural number k because for any a ∈ M we have E h (E nα (a)) = E nα (a) when n α ≥ h and since E h are normal maps follows that
for all natural number h. it follows that we have a unique σ-limit point E + (a) for the net {E n (a)} n∈N .
Therefore we obtain a map E + : M → D + ∞ . Moreover E nα (E + (a)) = E + (a) for all α, then E 2 + = E + and for Tomiyama [26] the positive map E + is a conditional expectation such that ϕ • E + = ϕ, precisely it is the conditional expectation of relation 2.6. We can say something more: Proposition 16. Let {M, Λ k , ϕ} k∈N be a family of quantum dynamical systems. We consider the contraction V k : H ϕ → H ϕ defined in (1.3) related to Schwartz map Λ k : Proof. A simple consequence of proposition 1.1 of [17] For each natural number n, we consider the following Schwartz map:
it is obvious that ϕ is a stationary state for Z n with ϕ(xZ n (y)) = ϕ(Z n (x)y) for all x, y ∈ M. Moreover for each a ∈ M we have: It follows that Z is the conditional expectation E ∞ of proposition 6.
